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EXCEPTIONAL QUOTIENT SINGULARITIES
D. MARKUSHEVICH AND YU. G. PROKHOROV
1. Introduction and statement of main results
The notion of exceptional singularity was introduced by Shokurov
[Sh1]. A singularity (X,P ) is called exceptional, if for any log canon-
ical boundary, there is at most one exceptional divisor of discrepancy
−1 over P (see Definition 2.5). The reason for distinguishing these
singularities is that they have more complicated multiple anticanonical
systems | − nKX |, than the nonexceptional ones. However, Shokurov
suggests, and proves in dimension 3, that the exceptional singularities
are in a sense bounded (loc. cit., Corollary 7.3). The search of “good”
divisors in | − nKX |, or so called n-complements, is an essential in-
gredient of Shokurov’s project of the inductive study of log flips, log
contractions and of the classification of log canonical singularities [Sh1,
Sect. 7].
According to [Sh, 5.2.3, 5.6], [Sh1, 1.5], the exceptional log termi-
nal singularities in dimension 2 are exactly the singularities of types
E6, E7, E8 in the sense of Brieskorn [Br]. Shokurov’s approach gives a
description of the dual graphs of their resolutions (cf [I], [Ut, Chapter
3]). According to [Br], the exceptional graphs correspond to finite sub-
groups of GL2(C) of tetrahedral (E6), octahedral (E7) or icosahedral
(E8) types. We found a classification-free approach to the proof which
works also in dimension 3. The exceptional groups of types E6, E7, E8
are exactly those finite subgroups of GL2(C) which have no semiinvari-
ants of degree ≤ 2. Hence the following proposition implies Shokurov’s
statement.
Proposition 1.1. A two-dimensional quotient singularity X = C2/G
by a finite group G without reflections is exceptional if and only if G
has no semiinvariants of degree ≤ 2.
In dimension 3, we started the study of exceptional quotient singu-
larities in our previous publication [MP], where we showed that the
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quotients of C3 by Klein’s simple group of order 168 and by its unique
central extension contained in SL3(C) (of order 504) are exceptional,
in using the configuration of the action of Klein’s group on P2 [Kl],
[W]. The following Theorem is the main result of the present paper.
Theorem 1.2. A three-dimensional quotient singularity X = C3/G
by a finite group G without reflections is exceptional if and only if G
has no semiinvariants of degree ≤ 3.
Using Miller–Blichfeldt–Dickson classification [MBD] of finite sub-
groups of GL3(C), we obtain a complete list of such subgroups yielding
exceptional singularities (Theorem 3.13).
Section 2 contains basic definitions and preliminary results. In par-
ticular, we show that the exceptional divisor with discrepancy −1 for
an exceptional singularity is birationally unique and that its image is a
point, independently of the choice of the boundary and in any dimen-
sion. Section 3 contains the proofs of Proposition 1.1, Theorem 1.2,
and the list of finite subgroups of GL3(C) with exceptional quotients.
Acknowledgement. The second author is grateful to V. V. Shokurov
for discussions on complements and the exceptionality.
2. Basics on exceptional singularities
For reader’s convenience, we reproduce here some basic facts about
log canonical singularities. We are using the terminology and notation
of [MP], [Ut], [Sh] and [Sh1] (see also [Ko] for a nice introduction to
the subject).
Definition 2.1. Let (X ∋ P ) be a normal singularity (not necessarily
isolated) and let D =
∑
diDi be a divisor on X with real coefficients.
D is called a boundary if 0 ≤ di ≤ 1 for all i. It is called a subbound-
ary, if it is majorated by a boundary. A proper birational morphism
f : Y−→X is called a log resolution of (X,D) at P , if Y is nonsingular
near f−1(P ) and Supp(D) ∪ E is a normal crossing divisor on Y near
f−1(P ), where D is used to denote both the subboundary on X and
its proper transform on Y , and E = ∪Ei is the exceptional divisor of
f . The pair (X,D) or, by abuse of language, the divisor KX + D is
called terminal, canonical, Kawamata log terminal, purely log terminal,
and, respectively, log canonical near P , if the following conditions are
verified:
(i) KX +D is R-Cartier.
(ii) Let us write for any proper birational morphism f : Y−→X
KY ≡ f
∗(KX +D) +
∑
a(E,X,D)E,
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where E runs over prime divisors on Y , a(E,X,D) ∈ R, and a(Di, X,D) =
−di for each component Di of D. Then, for some log resolution of
(X,D) at P and for all prime divisors E on Y near P , we have:
a(E,X,D) > 0 (for terminal), a(E,X,D) ≥ 0 (for canonical), a(E,X,D) >
−1 and no di = 1 (for Kawamata log terminal), a(E,X,D) > −1 (for
purely log terminal, without any restriction on the subboundary D),
and, respectively, a(E,X,D) ≥ −1 (for log canonical).
The coefficients a(E,X,D) are called discrepancies of f , or of (X,D);
they depend on the discrete valuations of the function field of X asso-
ciated to the prime divisors E and on D, but not on the choice of f .
We will identify prime divisors with corresponding discrete valuations,
when speaking about ‘divisors E over X ’ without indicating, on which
birational model E is realized. The conditions given by inequalities in
part (ii) of the above definition do not depend on the choice of a log
resolution.
Definition 2.2. Let V be a normal variety and let D =
∑
diDi be a
Q-divisor on V such that KV +D is Q-Cartier. A subvariety W ⊂ V
is said to be a center of log canonical singularities for (V,D) if there
exists a birational morphism from a normal variety g : V˜ → V and
a prime divisor E on V˜ with discrepancy a(E, V,D) ≤ −1 such that
g(E) = W . (The case di = 1, W = Di is also possible.) The union
of all centers of log canonical singularities is called the locus of log
canonical singularities and is denoted by LCS(V,D) [Sh, 3.14].
The following statement is a weak form of [Ut, 17.4] (in dimension 2
it was proved earlier by Shokurov [Sh]).
Theorem 2.3. Let X be a normal projective variety and let D =∑
diDi be a Q-divisor on X such that KX + D is Q-Cartier. If
−(KX + D) is nef and big, then the locus of log canonical singular-
ities is connected.
Theorem 2.4 ([Sh, 6.9]). Let X be a normal projective surface and
let D =
∑
diDi be a boundary on X such that KX +D is Q-Cartier.
If KX +D ≡ 0, then the locus of log canonical singularities has one or
two connected components.
Shokurov informed us that the previous theorem is valid in any di-
mension modulo Log Minimal Model Program.
Definition 2.5 ([Sh1, 1.5]). Let (X ∋ P ) be a normal singularity and
let D =
∑
diDi be a boundary on X such that KX+D is log canonical.
The pair (X,D) is said to be exceptional if there exists at most one
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exceptional divisor E over X with discrepancy a(E,X,D) = −1. The
singularity (X,P ) is said to be exceptional if (X,D) is exceptional for
any D whenever KX +D is log canonical.
Lemma 2.6. Assume that there exists a reduced divisor S =
∑
Si
passing through P such that KX + S is log canonical. Then (X ∋ P )
is nonexceptional.
For the proof, see Lemma 1.7 in [MP]. This implies, in particu-
lar, that any three-dimensional cDV-singularity [R], and any three-
dimensional terminal singularity is nonexceptional (see [MP, 1.9]).
Proposition 2.7. Let (X,P ) be an exceptional singularity. Then the
divisor E from Definition 2.5 with discrepancy a(E,X,D) = −1 is
birationally unique. This means, that there exists a unique discrete
valuation ν of the field of rational functions k(X), such that for any
pair (X,D), exceptional at P , and for any log resolution f : X˜−→X,
if there is an exceptional divisor E in X˜ with a(E,X,D) = −1, then
the corresponding discrete valuation νE = ν.
Proof. Let {D1, . . . , Dr} be a finite set of irreducible divisors on X ,
and f : X˜−→X a log resolution of (X,
∑r
i=1Di) at P . We can repre-
sent the boundaries D =
∑
i diDi with components from {D1, . . . , Dr}
as the unit cube Ir ⊂ Rr of vectors (di). Then the subset Λ ⊂ Ir
corresponding to log canonical pairs (X,D) is given by a finite number
of linear inequalities in di’s
a(E,X,D) = a(E,X, 0)−
∑
i
dimultE(Di) ≥ −1,
where E runs over the exceptional divisors such that f(E) ∋ P . Let
∂+Λ be the closure of {(di) ∈ ∂Λ | 0 < di < 1 ∀ i = 1, . . . , r}. Then the
exceptionality of (X,P ) implies that there are no points in ∂+Λ satisfy-
ing the equality a(E,X, 0)−
∑
imultE(Di) = −1 for two different E’s.
So, ∂+Λ (if nonempty) is an open convex polyhedron lying in exactly
one hyperplane ΠE with equation a(E,X, 0)−
∑
i dimultE(Di) = −1.
Now, let (X,P ) be an exceptional singularity, (X,D(1)), (X,D(2))
two exceptional pairs, fi : Xi−→X two log resolutions with divisors
Ei such that a(Ei, X,D
(i)) = −1. Then we can apply the previ-
ous argument, taking the union of all the components of D(1), D(2)
as {D1, . . . , Dr}, and some log resolution dominating f1, f2 as f . Then
we will have : firstly, by Lemma 2.6, D(1), D(2) are represented by two
different points of ∂+Λ, and secondly, ΠE1 = ΠE2. But then, both of
the Ei are of discrepancy −1 with respect to any D represented by a
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point of ∂+Λ. By exceptionality, E1 = E2. This proves the assertion of
the proposition.
Proposition 2.8. Let (X,P ) be an exceptional singularity. Then for
any pair (X,D) exceptional at P and such that LCS(X,D) 6= ∅, we
have LCS(X,D) = {P}.
Proof. By Proposition 2.7, the exceptional divisor E with discrepancy
−1 is biratonally unique. Suppose, LCS(X,D) % {P}. Then for
a generic hyperplane section H of (X,P ), we have multE(H) = 0.
This implies that a(E,X,D + ǫH) = a(E,X,D) = −1, and, by ex-
ceptionality, a(E ′, X,D + ǫH) > −1 for any sufficiently small pos-
itive ǫ and any exceptional divisor E ′ 6= E. Let ǫ∗ = sup {ǫ |
(X,D + ǫH) is log canonical }. Then (X,D + ǫ∗H) has two different
divisors with discrepancy −1: E and either the one of the E ′ 6= E with
minimal discrepancy, or H in the case when ǫ∗ = 1. This contradicts
to the exceptionality of (X,P ).
Proposition 2.9. Let (Xi, Pi), i = 1, 2, be two germs of normal vari-
eties of dimension > 0. Then (X1 ×X2, (P1, P2)) is nonexceptional.
Proof. If at least one of Xi is not log canonical with zero boundary,
we are done, for X1 × X2 is not log canonical with any boundary. If
(Xi, 0) are log canonical, then, starting from any nonzero boundaries
D(i) at Pi, we can find ǫi ≥ 0 such that both pairs (Xi, ǫiD
(i)) are log
canonical and possess at least one discrete valuation of discrepancy −1
for i = 1, 2. Let Wi be their centers. Then LCS(X1×X2, ǫ1D
(1)×X2)
contains W1 ×X2, and LCS(X1 ×X2, X1 × ǫ2D
(2)) contains X1 ×W2.
Hence (X1 ×X2, (P1, P2)) is nonexceptional by Proposition 2.8.
3. Quotients Cm/G
In the first part of this section we work in arbitrary dimension. The
following Lemma was proved in [MP, 2.1] in the 3-dimensional case;
now we generalize it to arbitrary dimension.
Lemma 3.1. Let π : V → X be a finite morphism of normal varieties,
e´tale in codimension 1. Let D be a boundary on X, and D′ = π∗D.
Assume that KX +D is log canonical (and then automatically is KV +
D′). Then (X,D) is exceptional if and only if (V,D′) is.
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Proof. For every proper birational morphism f : Y → X consider the
following commutative diagram
W
ϕ
−−−→ Y
g
y f
y
V
pi
−−−→ X.
(1)
where W is the normalization of the dominant component of V ×X
Y . By the ramification formula (cf. [Ko, proof of 3.16]) for every
exceptional divisor F on Y and every exceptional divisor E on W
which dominates F we have
a(E, V,D′) + 1 = r(a(F,X,D) + 1), (2)
where r is the ramification index at the generic point of E. Therefore
a(E, V,D′) = −1 if and only if a(F,X,D) = −1. (3)
Thus if (X,D) is nonexceptional, then (V,D′) is so.
Conversely, assume that (V,D′) is nonexceptional. Then there are in-
finitely many exceptional divisors over V with discrepancy a( , V,D′) =
−1. As in [Ko, proof of 3.16] we can see that all these divisors appear
in some commutative square (1) (for suitable f), whence (X,D) is also
nonexceptional by (3).
Warning. The Lemma does not imply that the singularity of X is
exceptional if and only if V is. The assertion concerns pairs (V,D′)
with D′ a pullback of a boundary from X .
3.2. Let π : V → X be the quotient morphism, where V = Cm. Let
D be a boundary on X and let D′ := π∗D. By [Sh, 2.2], (see also [Ut,
20.3], [Ko, 3.16]) KX +D is log canonical (resp., purely log terminal,
Kawamata log terminal) if and only if so is KV +D
′.
Question 3.3. In the notation of 3.2, assume that G has a semiinvari-
ant of degree ≤ m. Does this imply that (X ∋ P ) is nonexceptional?
Let ψ be such a homogeneous semiinvariant of minimal degree d ≤ m
and let D′ be its zero locus. By Lemma 3.1 it is sufficient, for the
positive answer to 3.3, to prove that KV + D
′ is log canonical. It is
clear that D′ is a cone. The following Proposition is an easy particular
case of this question.
Proposition 3.4. Let G be maximally imprimitive, that is, let G con-
tain a normal abelian subgroup A whose character subspaces Vχ are
1-dimensional and form one orbit under the action of G. Then V/G is
nonexceptional.
6
Proof. G/A acts by permutations of the Vχ, so G has a semiinvari-
ant of the form x1 · · ·xm, where xi are coordinate linear forms. Since
D′ = {x1 · · ·xm = 0} is a simple normal crossing divisor, (V,D
′) is log
canonical. Then (X,D) is also log canonical, and the assertion follows
from Lemma 2.6.
3.5. We cannot treat in general the case of imprimitive groups, that
is, groups G which permute transitively factors of some direct sum
decomposition V = ⊕Vi. Maximally imprimitive are those for which
dimVi = 1. But if the action of G is not transitive for some direct sum
decomposition, the singularity is also nonexceptional. This follows from
the next proposition.
A group G is called reducible, if V = V1 ⊕ V2 with V1, V2 invariant
under G, dimVi > 0 (i = 1, 2).
Proposition 3.6. If G is reducible, then V/G is nonexceptional.
Proof. The proof is similar to that of Proposition 2.9, though the
result is not a corollary of 2.9. Let Gi denote the image of G in
GL(Vi). Let Di (i = 1, 2) be any nonzero boundaries for (Vi, 0),
given by Gi-semiinvariant polynomials from k[Vi]. We can find ǫi > 0
such that both pairs (Vi, ǫiDi) possess at least one discrete valuation
of discrepancy −1 for i = 1, 2. Let Wi be their centers. Define
D(1) = D1 × V2, D
(2) = V1 × D2 in V . Then LCS((V, ǫiD
(i)) contains
W1 × V2 or V1 ×W2. Using a commutative square of the same type
as (1), we conclude from (2) that the images of W1 × V2 and V1 ×W2
in V/G are also centers of log canonical singularities. Hence V/G is
nonexceptional by Proposition 2.8.
Lemma 3.7. If dimX = m ≤ 3, the answer to 3.3 is affirmative.
Proof. In [MP, Lemma 2.2], we proved the assertion in dimension 3.
The same and even easier argument works in dimension 2.
This Lemma shows the “if” part of Proposition 1.1 and Theorem 1.2.
3.8. Now we will explain the logic of our proof of the exceptionality of
singularities in Proposition 1.1 and Theorem 1.2. Assume that (X ∋ P )
is nonexceptional. Then there exists a nonexceptional log canonical
KX + D. Further, we will use notations of Lemma 3.1. Take the
smallest n ∈ N such that F := nD′ is an integer divisor. Then F
locally near 0 can be defined by a semiinvariant function, say ψ. Denote
d := mult0(ψ). Let σ : W → V = Cm be the blow-up of the origin and
let S ≃ Pm−1 be the exceptional divisor. Then KW = σ∗KV +(m−1)S
and σ∗F = R + dS, where R is the proper transform of F .
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Further
KW + S +
m
d
R = σ∗(KV +
m
d
F ). (4)
By [Ko, Lemma 3.10] KV +
m
d
F is log canonical if and only if so is
KW + S +
m
d
R. In this case the pair (V, αF ) is exceptional for all
0 ≤ α ≤ m
d
if and only if KW + S +
m
d
R is purely log terminal. By
the inversion of adjunction (see [Sh, 5.13], [Ut, 17.6]) the purely log
terminal condition for KW + S +
m
d
R is equivalent to that KS +
m
d
C is
Kawamata log terminal, where C = R ∩ S. It is clear that C is given
by the equation ψmin = 0, where ψmin is the homogeneous component
of ψ of minimal degree d. Therefore we have
Proposition 3.9. In the above notations, if KS +
m
d
C is Kawamata
log terminal, then (V, αF ) is exceptional for any 0 ≤ α ≤ m
d
.
Remark 3.10. In the above notations, if G has no semiinvariants of
degree ≤ m, then ⌊m
d
C⌋ = 0.
3.11. Two-dimensional case.
Proof of Proposition 1.1. We obtain Proposition 1.1 as an easy corol-
lary of 3.9. Assume that G has no invariants of degree ≤ 2. Recall
that S ≃ P1 in our case, so C is a finite set. By 3.9 it is sufficient to
prove that KS +
2
d
C is Kawamata log terminal, and this is equivalent
to that ⌊2
d
C⌋ = 0. The last assertion follows by 3.10.
3.12. Three-dimensional case.
Proof of Theorem 1.2. Assume that G has no invariants of degree ≤ 3.
We shall prove that C3/G is exceptional. By Proposition 3.9 it is
sufficient to prove that KS +
3
d
C is Kawamata log terminal. Take c
to be the log canonical threshold of (S, C), that is, the maximal α
such that KS + αC is log canonical. If KS +
3
d
C is not Kawamata log
terminal, then c ≤ 3/d. First we consider the case when c < 3/d. Then
−(KS + cC) is ample. By connectedness theorem 2.3, the locus of log
canonical singularities is connected. By 3.10 ⌊3
d
C⌋ = 0, so any divisor
of discrepancy −1 should be exceptional. Therefore the locus of log
canonical singularities on S is a unique point, which must be invariant
under the action of G. The dual line gives us a semiinvariant of degree
1, a contradiction with our assumptions. In the case when c = 3/d, we
can use Theorem 2.4. Similarly to the above, we see that the locus of
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log canonical singularities is one or two points. In both cases, there is
an invariant line. This ends the proof of Theorem 1.2.
The finite subgroups of G ⊂ GL3(C) were classified by Miller–
Blichfeldt–Dickson [MBD] modulo central extensions (compare with
[P]). There are 10 types of such groups, denoted by A,B, . . . ,J in
[MBD]. A stands for abelian, B for reducible, and C, D are imprim-
itive. The groups of type C are called tetrahedral; their image in the
symmetric group S3 permuting the Vi, i = 1, 2, 3 (notations as in 3.5)
is cyclic of order 3. The groups of type D are called general monomial;
their map to S3 is surjective. The primitive subgroups of GL3(C)
belong to the 6 types E, F, G, H, I, J. The orders of the associated
collineation groups PG = G/(G ∩C∗) ⊂ PGL3(C) are 36, 72, 216, 60,
360, 168; the first three are solvable, and the last three are simple. The
collineation groups from G to J have their names: the Hessian group,
the icosahedral one, the alternating group A6 of degree 6, and, finally,
Klein’s simple group. We have also PE⊳PF⊳PG.
The following assertion is a consequence of Theorem 1.2.
Theorem 3.13. Let G be a finite subgroup of GL3(C). Then the quo-
tient C3/G is exceptional if and only if G belongs to one of the 4 types
F, G, I, J.
Proof. We can eliminate the types A–D by Propositions 3.4, 3.6. Fur-
ther, the icosahedral group in its 3-dimensional representation has an
invariant of degree two, which is a semiinvariant of any group of type
H. This follows, for example, from the fact that the 3-dimensional rep-
resentation is the complexification of the standard real one, which has
an invariant scalar product.
Lemma 3.14. Any group of type E has two nonproportional semiin-
variants of degree 3. Groups of types F, G have no semiinvariants of
degree ≤ 3.
Proof. According to [MBD, Sect. 115], a group G of one of the types
E, F, G is an extension of a group H of type D which leaves invariant
the set of four triangles t1, t2, t3, t4 defined in appropriate coordinates
by the equations
x1x2x2 = 0, (x1+x2+x3)(x1+ωx2+ω
2+ix3)(x1+ω
2x2+ω
1+ix3) = 0
(ω = exp
2pi
√
−1
3
, i = 0, 1, 2),
and the associated collineation group PG is completely characterized
by its image in the group S4 of permutations on the set {t1, t2, t3, t4}.
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It is the subgroup of order 2, conjugate to {1, (t1t2)(t3t4)} for the type
E, {1, (t1t2)(t3t4), (t1t3)(t2t4), (t1t4)(t2t3)} for the type F, and the full
alternating group on four letters for the type G. Moreover, one can
easily verify that the ti belong to one pencil Φ of plane cubics (see [Sp,
Lemma 4.7.6]). So, a group of type E acts on the pencil Φ with image
Z/2Z in Aut(P1). Any involution on P1 has two fixed points, which
implies the result for type E.
Since the image of G in Aut(P1) has no fixed points for the groups
of types F, G, they do not have semiinvariants in the pencil Φ. How-
ever, any semiinvariant of G should be also that of H . According to
[MBD, Sect. 113], PH is generated by the cycle c = (x1x2x3), transpo-
sition τ = (x2x3) and dilatation κ = diag(1, ω, ω
2). Any semiinvariant
of S3 =< c, τ > is a polynomial in elementary symmetric functions
σi (i = 1, 2, 3) in x1, x2, x3 and in ∆ = (x1 − x2)(x2 − x3)(x1 − x3). A
direct verification shows that in degrees ≤ 3, only the linear combina-
tions of x31+x
3
2+x
3
3 = σ
3
1−3σ1σ2+3σ3 and of σ3 are (skew-)symmetric
semiinvariants under κ. This yields exactly the pencil Φ.
Thus, by Lemma 3.7, the quotients of types E, H are not exceptional.
By Theorem 1.2, the quotients of types F, G are exceptional. It remains
to verify that the groups of types I, J have no semiinvariants of degree
≤ 3.
For the groups of type I, we can take a representative I0 ⊂ SL3(C)
of order 1080. The homogeneous semiinvariants of any group G of type
I will coincide with those of I0, because they are central extensions of
the same group PI0 ≃ A6. But all the semiinvariants of the group I0
are indeed invariants. This follows from the fact that it has no normal
subgroups with abelian quotient: the only nontrivial normal subgroup
of I0 is its center, isomorphic to Z/3Z, and its quotient is the simple
group A6. The algebra of invariants of I0 was determined by Wiman
[Wi] (see also a modern account of invariants of finite subgroups of
SL3(C) in [YY], where I of [MBD] is denoted by L); it is generated
by basic invariants of degrees 6, 12, 30 and 45 with one relation of
weighted degree 90 between them. Thus, there are no semiinvariants
of degree ≤ 3, and we are done.
Klein’s simple group has a representation J168 ⊂ SL3(C). As above,
the only its semiinvariants are invariants, and they were determined
by Klein [Kl], see also [W] or [YY]. The degrees of basic invariants
here are 4, 6, 14, 21, and there is one relation of weihgted degree 42
between them. Again there are no semiinvariants of degree ≤ 3, and
we are done. This ends the proof of Theorem 3.13.
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Using the classification of finite subgroups in SL3(C) ([P], [YY]),
one can get the following assertion.
Corollary 3.15. Let G be a finite subgroup of GL3(C) such that C3/G
is an exceptional canonical singularity. Then G is, up to conjugation,
one of the following subgroups of SL3(C):
(i) Klein’s simple group J168 ⊂ SL3(C),
(ii) the unique central extension J ′504 of J168 contained in SL3(C),
(iii) the Hessian group G648 ⊂ SL3(C),
(iv) the normal subgroup F216 of G648,
(v) a central extension I1080 of A6.
Proof. It suffices to show that G ⊂ SL3(C). Let r be the order of
the center Z of G. Then C3/Z is resolved by a single blow up, giving
an exceptional divisor with discrepancy −1 + 3
r
. Construct, as in the
proof of Lemma 3.1, a diagram (1) with C3/Z, C3/G in place of V,X
respectively. Then the formula (2) implies that the minimal discrep-
ancy of exceptional divisors E over X amin ≤ −1 +
3
r
. For canonical
singularities, amin ≥ 0, hence r ≤ 3. If r = 1 or 3, G ⊂ SL3(C) and
we are done.
Assume that r = 2. Then Z = {±1}. Let G0 = G ∩ SL3(C). The
orders of the subgroups of SL3(C) of types F, G, I, J are even, hence
G0 contains an element g of order 2. Then either g or −g is a reflection.
This contradicts to our hypotheses. Hence r = 2 is impossible.
Recall that a variety X is said to have ǫ-log terminal singularities if
a(E,X, 0) > −1 + ǫ for any exceptional divisor E over X . Adapting
the proof of the previous corollary to the case amin > −1+ ǫ instead of
amin ≥ 0, we obtain the following result:
Corollary 3.16. Fix ǫ > 0. Then the set of subgroups G ⊂ GL3(C)
without reflections such that C3/G is an exceptional ǫ-log terminal sin-
gularity is finite up to conjugation.
A similar finiteness result was obtained by [Bor] for abelian quotients
of any dimension (which are never exceptional by Proposition 3.6).
References
[Bor] Borisov, A. On classification of toric singularities, e-print math.AG/9804137.
[Br] Brieskorn, E. Rationale Singularita¨ten komplexer Fla¨chen, Invent. Math. 4
(1968), 336–358.
[I] Iliev, A. Log-terminal singularities of algebraic surfaces, Vestnik Moskov.
Univ. Ser. I Mat. Mekh. (1986) No. 3, 38–43; English transl.: Mosc. Univ.
Math. Bull. 41 (1986), 46-53.
11
[Kl] Klein, F. Gesammelte Mathematische Abhandlungen, II. Springer: Berlin,
1973.
[MP] Markushevich, D., Prokhorov, Yu. G. Klein’s group defines an exceptional
singularity of dimension 3, e-print math.AG/9805004, to appear in J. Math.
Sci., 1999.
[MBD] Miller, G. A., Blichfeldt, H. F., Dickson, L. E. Theory and Applications of
finite groups. Dover Publ. Inc.: New York, 1916.
[P] Pouyanne, N.: Une re´solution en singularite´s toriques simpliciales des singu-
larite´s-quotient de dimension trois, Ann. Fac. Sci. Toulouse, VI, Ser. Math.
1(1992), 363–398.
[R] Reid, M. Young persons guide to canonical singularities, in Algebraic Geom-
etry, Bowdoin, 1985, Proc. Symp. Pure Math. vol. 46, 1987, pp. 345–414.
[Ut] Kolla´r J. et al. Flips and abundance for algebraic threefolds, A summer sem-
inar at the University of Utah, Salt Lake City, 1991. Aste´risque. 211 (1992).
[Ko] Kolla´r J. Singularities of pairs, Proc. Symp. Pure Math. 62, pt. 1 (1997),
221-287.
[Sh] Shokurov V. V. 3-fold log flips, Izv. AN SSSR Ser. mat. 56 (1992), 105–201 &
57 (1993), 141–175; English transl. Russian Acad. Sci. Izv. Math. 40 (1993),
93–202 & 43 (1994), 527–558.
[Sh1] Shokurov V. V. Complements on surfaces, preprint, alg-geom/9711024
[Sp] Springer T. Invariant theory, Lect. Notes. Math. 585, Springer, 1977.
[W] Weber, H. Lehrbuch der Algebra. II. Chelsea: New York, 1961.
[Wi] Wiman, A. Ueber eine enfache Gruppe von 360 ebenen Collineationen, Math.
Annalen 47(1896), 531-556.
[YY] Yau, S. S.-T., Yu, Y. Gorenstein Quotient Singularities in Dimension Three,
Memoirs AMS 505. Providence, 1993.
D. M.: Mathe´matiques - baˆt. M2, Universite´ Lille 1, F-59655 Vil-
leneuve d’Ascq Cedex, France
E-mail address : markushe@gat.univ-lille1.fr
Yu. G.: Algebra Section, Dept. of Mathematics, Moscow State
University, 117234 Moscow, Russia
E-mail address : prokhoro@mech.math.msu.su, prokhoro@math.pvt.msu.su,
12
